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Abstract 
Approximate solutions for the one dimensional expanding 
flow of an ideal dissociating gas, which is initially in a 
frozen state, are compared with exact numerical solutions and 
the dependence of the flow variables on the rate of 
recombination is discussed. 
The rate constant for recombination is related to the 
cross-section for dissociation, and approximate forms are 
found for the cross-section in terms of the differential 
cross-section for the elastic scattering of two particles 
using both the Born approximation and the impulse and closure 
approximations . 
A closed form is found for the differential cross-section 
for the elastic collision of two atoms using the methods 
developed by Massey and Mohr (1934). 
An attempt is made to estimate recombination to higher 
rotational energy levels, and comparisons are made between 
the rate constants obtained and values found for them by 
experimental means c 
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1 • INTRODUCTION 
During the last ten years there has been a great deal of 
interest in re-entry physics ~ Shock tunnels have been used to 
make experimental investigations of flows around various body 
shapes and theoretical investigations have been made of the gas 
dynamic situation which different t y pes of bodies encounter 
during re-entry. The temperatures in the re-entry situation 
are considerably higher than those which can be expected at 
lower speeds and so the chemistry of the gases becomes 
imporiant . In particular, the dissociation and recombination 
of the diatomic gases nitrogen and oxygen- is of interest. 
In the shock tunne 1 whe re a high speed gas flow is 
obtained from a stagnation region, at very high temperatures 
by rapid expansion through a nozzle, the composition of the 
free stream is very different from the equilibrium conditions 
which exist in the free stream for a vehicle in free flight. 
A detailed knowledge of the chemistry of the flow is necessary 
before attempts can be made either to obtain an equilibrium flow 
in the shock tunnel or to compare results obtained in the 
shock tunnel with the situation which exists in free flight. 
In the second Chapter the problem of freezing of the 
amount of dissociation in the gas flow is discussed. When the 
hot gas in the stagnation region of a shock tube is allowed 
to expand through a nozzle, thus attaining a high velocity, 
the density very quickly reaches a value such that the three 
body process of recombination can no longer keep pace with 
the expansion. Thus, while the translational temperature 
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continues to drop the amount dissociation remains constant, 
so that, at the exit plane of the nozzle, the flow contains 
an amount of dissociation far in excess of the equilibrium 
value. Since the energy involved in the dissociation is 
of the same order as the kinetic energy of the flow, the 
release of this energy can affect the flow greatly and the 
possible effects are discussed in Chapter 20 
The third Chapter discusses some of the measurements and 
the previous calculations which have been made for the 
reaction rate constants of the recombination and dissociation 
reactions for diatomic molecules, where the process by which 
the reaction progresses is a three body reaction. Areas 
where the data is good and where it is inadequate are 
discussed and reasons, in addition to those given ln 
Chapter 2, are given for attempting another theoretical 
investigation of three body rate processes and for using 
quantum mechanical rather than classical methods. The fourth 
Chapter includes a discussion of the basic theory for the 
three body rate constants, expressing the rate constant 
for the three body recombination process in terms of the 
cross-section for dissociation by means of the principle of 
time reversal invariance. Following this, the Born 
approximation is used to estimate the cross-section for 
dissociation and it is shown that the cross-section can be 
expressed ln terms of the cross-section for the elastic 
collision of two particles, using the closure approximation. 
The fifth Chapter is a discussion of the more accurate 
impulse approximation and once again the closure approximation 
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is used to obtain the cross-section for dissociation in terms 
of the differential cross-section for the elastic scattering 
of one atom by another. The expression obtained is compared 
with the cross-section obtained using the Born approximation 
and points of similarity and discrepancy discussed, together 
with the reasons for greater accuracy of the impulse 
approxima ti on. 
The relation obtained between the total cross-section 
for the three body break up process and the differential 
cross-section for the elastic scattering of two particles 
requires some closed form for the differential cross-section 
describing the elastic scattering of two particles. Such 
a form is derived in Chapter 6 using methods similar to those 
employed by Massey and Mohr (1934) in obtaining their 
approximation to the total cross-section for the elastic 
scattering of atoms. 
The rate constants obtained by these methods are found 
to be too small if recombination to vibrational levels alone 
is considered, so that an attempt is made in the final Chapter 
to consider the recombination to the rotational energy 
levels as well as the vibrational levels. The assumptions 
made in order to include the recombination to the rotational 
energy levels of the mole cule are too generaL However, the 
results obtained using these assumptions do show that these 
energy levels playa very significant role in the process o 
The assumption is made throughout that the atoms in the 
diatomic molecule are identical and that the third body is 
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distinguishable from the two identical atoms, this assumption 
greatly simplifies the calculations since the symmetrization 
requirements for such a situation are fairly simple. 
However, lt does exclude treatment of the case when all three 
atoms taking part in the recombination or dissociation are 
identical. 
Although only the rate constant for the recombination 
process is considered here, the relation (Bond, Wat son and 
Welch 1967) between the rate constants for recombination 
and dissociation to or from a particular molecular energy 
level is very simple D However, the relation between the 
rate constants describing the total recombination and 
disso iation to or from all the molecular energy levels are 
much more complex and would involve the relative populations 
of these levels in any given situation. 
The final result obtained for the rate constant for the 
recombination of a diatomic molecule, while it ~s not a 
particularly accurate quantitative description of the process 
in many respects, does show up very well some of the more 
qualitative aspe ts of the recombination process. In 
particular, it shows the impor tance of the rotational energy 
levels and it also shows that the probability of recombination 
to a given energy level drops off very rapidly as the 
dissociation energy of the energy level increases, which is 
an important aspect of dissociation - vibration coupling in 
gas dynamics. 
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2. RECOMBINATION IN EXPANDING GAS FLOWS 
To gain an understanding of the effects of recombination 
of diatomic gases it is worth considering some phenomena which 
may occur in an expanding gas flow due to recombination of the 
constituent gas~ The phenomenon discussed in this chapter 
depends very critically on the form of the dependence of the 
rate constant for recombination, on the temperature of the 
gas, and so illustrates the necessity for more definite 
knowledge of this particular aspect of the recombination process. 
There are other problems such as dissociation vibration 
coupling which are controlled in the main by other aspects of 
the recombination, and these will be discussed in later chapters. 
In this chapter an investigation is made of the phenomena 
which may occur in a gas flow, in which the process of 
recombination of the dissociated gas has been arrested by 
passage through a rapid expansion, when the flow is constrained 
to expand much more slowly. Such a freezing of the recombination 
process in a gas flow is a common occurrence, because the 
recombination reaction in a gas flow is a three body process 
and so the rate depends on the density squared so that a 
decrease in the density causes a correspondingly greater 
decrease in the rate of recombination, 
The region of particular interest ~n a slowly expanding 
flow in which the amount of dissociation is frozen is that 
where the apparent increase in entropy becomes appreciable. 
This increase in psuedo entropy, defined as, 
j 8d dct (/+d.)T 
\ 
Region 1 Region 2 ------ Re gion 3 
FIGURE 2.1 
Figure 2.1 
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A schematic diagram of the junction between 
the shock tube and the nozzle of a shock 
tunnel. Region 1 is the stagnation region, 
in region 2 there is a rapid expansion through 
a conical or hyperbolic nozzle and region 3 
is the region of interest in this Chapter 
where the rate of expansion of the frozen flow 
produced in region 2 is reduced sufficiently 
to allow recombination to recommence. 
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in dimensionless variables, is equivalent to the increase 
in entropy which would occur in the gas flow if an amount of 
heat equivalent to the energy released to the other degrees of 
freedom by the recombination of the gas were added to the flow. 
Blythe (1967) has outlined a series of asymptotic expansions for 
the variables in an expanding gas flow in which relaxation of 
the vibrational mode is occurring " He has indicated that a 
similar solution for the region where the increase in psuedo 
entropy due to recombination is important, can be obtained by 
a suitable redefinition of variables, for flows in which the 
amount of dissociation is frozen ~ The length of such a region 
ln relation to the dimensions of experimental apparatus could 
be important, since it would provide a means of producing 
equilibrium conditions in the flow in a shock tunnel if the 
length were sufficiently small. Also since the length depends 
rather critically on the nature of the rate constant for the 
recombination process, it should give an accurate measure of 
the rate of recombination. 
Such non-equilibrium conditions as those described are 
typical of the flow in a shock tunnel, and since the major 
applications of any results obtained will be in the field of 
shock tunnels, the problem being considered is specifically 
related to the shock tunnel. Figure 2 01 shows a schematic 
diagram ~ a regfun of a shock tunnel near the nozzle 0 Region 
is the end of the shock tube and is a stagnation area of the 
flow' at very high temperature, containing almost completely 
dissociated gas- Due to expansion of the gas as it flows through 
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the conical nozzle the rate of recombination of the gas is 
insufficient to maintain equilibrium in the flow and the amount 
of dissociation becomes frozen in region 2 of figure 2 01. 
In region 3 the gas has attained a high speed but also contains 
a large amount of dissociated gas frozen in it. It is assumed 
that the gas in region 3 is allowed to flow through a nozzle of 
the form 
( 2. 1 ) 
where J) > 0 and the parameters and I I L X :: .:.. JI o :l 
where L is the length of the conical nozzle are determined 
by matching AI and d At / d.x ' at the exit plane of the 
conical nozzle. The Mach number of the flow is assumed to be 
large in the following theory as is the case for the expansion 
of a gas from a region of stagnation at v,ery high temperatures. 
2.1 The Flow Equations 
Since the nozzles used are generally of limited divergence 
so that the flow remains uniform it is possible to consider the 
flow as being one dimensional o The dependence on temperature 
of the constant determining the rate of recombination of a gas 
is assumed to be of the form used by Freeman (1958), 
C kr = AI'" T " 
where b lS assumed to be completely arbitrary for the 
purposes of the present discussion , Then from Lighthill (1957), 
the equations for the one dimensional flow of an ideal 
dissociating gas are 
(2.2) 
.1. d P _.~ d T __ 
f' oIx - (1+ <X)T d.x 
ed d eX 
(l+cx)T dx 
and 
The dimensionless variables p, p , T, u and ~ denote 
pressure, density, temprature, velocity and amount of 
dissociation respectively, while Bd and 0 are the 
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(2.3) 
(2.4) 
(2.5) 
(2.6) 
characteristic temperature and density of the ideal dissociating 
gas : The dimensionless variables are defined as 
and 
p;: pI/Po' 
~; &.'/ Po I 
.1\..= 
, 
, 
A ;: A A" '/ I , 
where R is the universal gas constant, W ~ denotes the 
mo le cular we ight of the gas, the subscript 0 denotes 
conditions at the entry to the nozzle and the primes denote 
dimensional quantities o 
(2.7) 
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It is assumed the flow is frozen at X 0, so that 
the dissociation term in equation (2 . 5), 
(t - ({) ( fa / f) e - B.t/r :::: [(! - ()() / ( / - ote-) ] 
can be neglected, where ~e is the equilibrium value of the 
amount of dissociation and is therefore much less than the 
fro zen value, 0( It is also assumed that u ~ u..o 
since the flow which results from the high temperatures in the 
stagnation regions which produce the large amount of 
dissociation in the flow, will have a high Mach number. Lastly 
it is assumed that since initial densities are 
generally sufficiently small for j\ to be small and hence from 
equation (2.5) can only change slowly. In addition a 
small decrease in releases sufficient energy to raise 
the temperature to an equilibrium value for dissociation. 
Applying these assumptions in equations (2.2), (2.3), 
(2.5) and (2.6) produces the set of approximate equations 
pA ~ , 
.3 cAT 
(t + tX o) T cI x == , 
= 
and 
(2.9) 
(2.10) 
(2.11) 
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Equation (2.4) becomes useless under these approximations, 
sinc e the term (4 + ri.) T is ne gligi b Ie when compared wi th 
the other terms on the left hand side of the equation for a gas 
flowing at high speed and containing an appreciable amount of 
dissociation. In fact this term is of the order of the error 
introduced by the approximations made. Then using equation 
(2.1) together with equations (2.8) to (2,10), the equation 
(2.9) can be written in the form 
y ciT 38 -2)1 
S" - I 
.3 (I+X) T (2.12) + = I + )( (I + d...D)T clx I ... 0(.0 
where B = A Bet fXoz / .3 Uc This equation can then be 
integrated to yield the results, 
~f/ J .tio: 
{ /-S t J} . I + B --:e- [ (I + x)' - I , (2.13a) 
~=I )~O 
J 
(2.13b) 
Sfl t=-o' ! 
(2.13c) 
(2.13d) 
1 2 
where 
A quantity which is of interest in the following 
discussion is the pressure gradient. The expression for the 
pressure gradient, obtained by manipulation of the equations 
(2.2), (2.3), (2.4) and (2.6) is 
2 M~ - I I ciA 
- --f u.}' A dx 
where MF is the frozen Mach number. Then using the 
assumptions stated above, and the equations (2.13) for the 
temperature and equations (2.1) and (2.5), the pressure 
gradient can be written in the form, 
~/o ; 
where 
[ 
1- S 
+81 
(1+ x){{+ B (/- 8) [ L]] - /l (I + x) - I 
F{x) #- '" -Y[ 1- 38/(l++cXc )Y dx 
(I -t x) [ I + B (I - S) 10 j (I + x) , 
Fex) == [MF-,zC X) - tJ/ f{x) I):t(x);> o. 
) (2.14a) 
(2.14b) 
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Figure 2.2 Domains in the (~, 1 / Y ) plane showing 
types of solutions for 
1 
v 
pr ••• ur. gradl.nt b.com •• >1 
pr ••• ur. gradl.nt < I 
",oellfl." fro •• n flow. 
T ... x 
x_GO 
-I 
(1-2V)! (1-5) 
r.comblnatlon .hock. 
n.ar fro •• n flow. 
T - x - ~ ( 1 ~o) v 
x-GO 
, 2 
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TABLE 2.1 
Distance x of recombinati on shoek downstream from 
s 
the origin for nitrogen, with Xl = 5.7 ems, u
l 
= 7 x 105 
o 0 
-1 (0 ) 14 6 2 -1 em see kr 300 K = 7 x 10 em mole sec 
= 0.5 and = 0.1, s = 2 . 
Pc' -3 x (em) for I s 
gm em T = 100 500 1000 20000 K 0 
10-3 0~012 0 . 0025 0.0012 0.00062 
10-4 1.3 0.25 0.12 0.062 
10-5 250 34 15 7 
10-6 1.1x105 1. 3x1 0 4 5.2x10 3 2.0x103 
1 5 
2.2 Physics of the Flow 
The behaviour of the solutions (2.13) for the gas flow 
differs quite markedly for different values of the parameters 
and The differences between the resultant types 
of flow can best be appreciated by considering them in terms of 
certain domains in the ( $ , '/)) ) plane shown in figure 
2.2 which is modelled on similar figures presented by Blythe 
(1967) and Cheng and Lee (1968). 
If and J ~ 0 , then the temperature becomes 
unbounded at 
{ L t/B(S-O] + J'll 
.1 > 0 J X ~ Xs ,.. I - , J 
; ex p { I / 13 ( S - ,) 1 , .1:: o. 
This singularity defines the position of the recombination 
shock which is characterized by a sharp increase in temperature 
and pressure and as a c onsequence o f this the flow returns to 
equilibrium. Although the assumption which 
was made in obtaining the solutions(2.13), becomes invalid 
for large values of B, the predicted position of the 
recombination shock is still accurate to within a few per cent 
when compared with numerical results, although the error in 
the temperature may be very large in the region of the 
recombination shock. An indication of the dimensions of the 
recombination shock can be obtained from the values of Xs 
given in the table 2.1 and also from the equations (2.14) 
which show that the pressure gradient is positive at X % 0 
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if 
or it becomes positive at 
X :: 
_ I i"7 0 , 
J 
::: 
3 
(it- + 0I..)J 
- I , 
If and )J < 1/ ~ , then for X sufficiently 
great 
T r-
so that the temperature again becomes unbounded as X -';> C>O 
Thus the temperature will reach a maximum value eventually. 
However, in this case the rise in temperature will take place 
more slowly and over a much greater distance as can be seen by 
inspection of tables 2.2 and 2.3. The order of magnitude 
of the distance which is required by the flow to reach the 
equilibrium conditions which are defined by a maximum value of 
the temperature can be estimated in the following manner. 
Since the heat of recombination of the gas is large compared 
with the specific heat, for most diatomic gases very little 
recombination needs to take place before the temperature rises 
sufficiently to establish equilibrium conditions in the flow. 
Hence, let 
17 
TABLE 2,, 2 
Estimated distance, x , 
e 
downstre am from the origin 
for the flow to reach equilibrium with the parameters as in 
table 2.1, except 
I 
Po 3 , 
(gm cm- ) T = 
0 
10-3 
10-4 
10- 5 
10-6 
100 
0 .041 
4.0 
760 
c. _ .1 0-2 
X (em) 
e 
500 
0.035 
3.3 
620 
2c2x105 1~8x105 
TABLE 2.3 
for 
1000 
0.031 
2.8 
520 
1.5x105 
Estimated distance, x 
e' 
downstream from the 
the flow to reach equilibrium under the conditions 
Pol 10-4 gm -3 , 1000oK. 2.1, with = cm and T = 
0 
x (cm) for 
e 
S 1/ Y = 3 5 10 
0 11.3 11 .0 10.7 
- 1 1400 430 250 
- 2 2.4x10 6 3 .9x10 4 8.1 x1 0 3 
- 3 3.3x109 3 . 8x10 6 2.9x10 5 
20000 K 
0.024 
2.2 
370 
1 • 1 x1 0 5 
origin for 
of table 
100 
9.6 
146 
2.7x10 3 
5.4x10 4 
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that is, Te is defined as the equilibrium temperature for a 
gas containing an amount of dissociation , then from 
equations (2.13), the distance downstream of the 
origin, where equilibrium conditions are established in the 
flow can be estimated from the relation 
+ B (I - S) [ (I + Xr" - I] I ,£ ] ) 
for $ =f I and ); i 0 , and similarly for equations (2.13b) 
to (2.13d). It is worth noting that the equations (2.14) show 
that for S...( I , the pressure gradient becomes positive 
only if 
If ) ;; 0 and )} .z 1/;<,- , then for )( sufficiently 
great 
X (, - :l.))) / ( j - S) 
J 
and the approximations remain valid for all values of x 
since the temperature becomes increasingly small as X 
increases, although the temperature decrease is not so rapid 
as it is when 1<:0 , since the recombination is still 
sufficient to have first order effects on the flow. 
If ) <: 0 ,then for X sufficiently great 
X 
_ ~ (I + 0(0) Y 
-. 
Figure 2.3 
19 
Numerical solutions for pressure, dissociation 
and temperature compared with estimated 
temperature for 
<X 0 = 0.5 and T 
I 
o 
1 / 5, .I~ = 0.01, 
5000 K in nitrogen. 
.5r---------~~~============================;2;:::::j2.S 
di •• oc iat Ion. 
2 
pr •• sur •. s .. 1 ~ 
-2 
1·0 
·1 
0 0 , 
temp.ratur •. -, 
, approximation. ---
a , , 
I 
Y-6 , , 
To I 
I 
I 
4 I 
I 
---
---
I ---
---I 
--
---
2 I ~ ----
o 7 
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which is the asymptotic form for a completely frozen flow, so 
that the recombination of the gas affects the flow only in second 
order approximations, However, it is worth noting that if S 
to be greater is sufficiently large for 
than unity, even though 11 may still be small, there will 
be a recombination shock at 
x -
.s 
Such a recombination shock would be generally much steeper than 
those which occur when 1 > 0 ,and the position given by 
the above relation compares exceedingly well with numerical 
results. However, such a result is unlikely in practice because 
of the large positive value of S required r 
The numerical solutions for some typical problems are 
shown in figure 2.3 and compared with the approximation 
described in equations (2.13) , Although the value of A used 
is very small the integrated effects of the error in the 
assumption produce quite large errors in the 
temperature in the region far downstream of the starting point. 
In fact for larger values of /\ the error is often smaller 
because equilibrium conditions are reached much sooner and the 
error does not have time to grow to significant proportions. 
Tables 2 . 2 and 2.3 give an indication of the orders of 
distances involved in the slow rise of the temperature to 
reach its maximum value and establish equilibrium conditions 
in the gas. Obviously equations (2.13) are no longer 
applicable when t he flow nears equilibrium because the 
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dissocia ion term in equation (2.5) which was assumed 
ne gligible be come s quite si gnific ant as the flow ne ars 
equilibrium, and it is this which stops the temperature from 
becoming infinite o It appears from tables 2.2 and 2.3 that 
the initial v a lue s of the density would have to be nearly 
of the order of atmospheric density, that is, 0 (10- 3 ) 
if an appreciable increase in temperature is to be achieved 
within the limits imposed on the flow by experimental 
apparatus. 
Table 2.1 shows that in the case of a recombination shock, 
the distance necessary for the flow to reach equilibrium is 
much less than for the case where the 
tempe r ature rises only slowly to a maximum value. Hence it 
should be possible to produce the sharp rise in temperature 
which ch a r acterizes the recombination shock within the 
cons traint s of expe rimental apparatus available, provided that 
gas exists wi th a r ate of constant such that S ::> I over a 
reasonable range of temperaturesw 
At present, however, although experiments indicate that 
S is negative, estimates of both the order of magnitude of 
the rate constant for recombination and the functional form of 
the temperature dependence vary widely and more definite 
information is requir ed before it can be decided whether the 
distances required for the flow to reach equilibrium are 
compatible with the dimensions of experimental apparatus. 
Another factor which has been omitted from the above treatment 
22 
is the coupling which occurs between the vibrational and 
dissociation modes and this could also affect the magnitude 
of the distances involved. 
3 > PREVIOUS CALCULATIONS AND EXPERIMENTAL 
RESULTS FOR RECOMBINATION RATES OF 
DIATOMIC GASES 
23 
In the previous chapter comment was made on the paucity of 
precise information on rate constants for the recombination 
process in diatomic gases. Most direct measurements of rates of 
recombination for diatomic gases have been carried out at or 
near room temperature so that no accurate experimental 
information is available on the variation of the rate constant 
with temperature. Values of the rate constant which have been 
measured at higher temperatures are subject to two sources of 
error which make them unreliable as a means of determining the 
variation of the rate constant for recombination with temperature. 
Firstly, experiments conducted at high temperatures are used to 
measure rates of dissociation, the rate constant obtained for 
this reaction 1S then converted to a rate constant for the 
recomb i nation process using the equilibrium constant for the 
reaction and although this relationship between the two rate 
constants is valid when the rate constants describe 
recombination to or dissociation from one particular energy 
level of the molecule it is only approximate when the rate 
constants represent the total rates for the reaction. Secondly, 
the exponential temperature dependence of the Arrhenius 
factor in the rate constant for dissociation, largely obscures 
any secondary dependence on temperature. 
3.1 Theor i es Describin&-Recombination 
Many theoretical investigations of the rate of recombination 
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have been made for cases in which recombination is a three body 
process. A fairly complete summary of these is given by 
Clarke and McChesney (1964) . Most of the methods so far used 
to estimate the recombination rate for diatomic gases have 
used class ical theory~ Since classical methods incorrectly 
describe small angle scattering it is unlikely that these 
methods wil l promote understanding of the recombination process e 
Probably the most accurate theory so far was developed by 
Keck (1960), in which the rate constant was estimated using 
variational meth ods. The results of this theory are quite 
a ccurate at low temperatures, but at higher temperatures the 
estimated rate constant does not fall away as fast as the 
experimental measurements indicate it should. This indicates 
that the detailed mechanics of the transition from the three 
body co mplex to a bound state are important, particularly at 
higher temperatures. 
Investigations of the rates of dissociation are in general 
more reali s tic than for rates of recombination, in particular, 
the lI climb ing the ladder ll theory of dissociation which should 
be a fairly realistic model of the process involved although 
most users of the model disregard the rotational energy levels 
of the molecule. 
A theoretical investigation of particular interest in this 
case is the calcula tion of the recombination rate of hydrogen 
by Bauer (1951). Bauer converted the cross-section for the 
dissociation of the molecule into that for recombination 
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using the principle of detailed balance. The cross-section 
for dissociation was calculated by Born approximation for the 
ground state of the molecule, which was represented by the 
ground state wave function f"or a displaced simple harmonic 
oscillator. Since the Born approximation is not a good 
approximation for heavy particles at low energies, this 
cross-section was corrected using a method involving the exact 
one dimensional problem. The value obtained for the rate 
constant for the recombination of two hydrogen atoms in the 
presence of a third was of the order of 10-43 
6 -1 
cm sec 
which is probably a fair estimate of the rate constant for 
recombination directly to the ground state of the molecule. 
A modification of this theory (Bauer 1952) using the WKB 
approximations to the wave function for an energy level of 
the molecule at a distance kT below the dissociation level 
-36 6 -1 ~ave a much higher value of order 3 x 10 cm sec • This 
trend is substantiated by more recent research in dissociation-
vibration coupling. Treanor and Marrone (1963) found that an 
exponential weighting o·f the probability of recombination to 
a given energy level of the molecule gave much better 
agreement wi th experimenta-l results than" the simple assumption 
of equal pro babili ty of re combina ti on to any vi bra ti onal energy 
leve 1. 
3 , 2 Experimental Measurements 
All the experiments considered in this section are 
measurements of the rate constant for recombination or 
dissociation of nitrogen molecules. However, the discussion of 
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these results applies generally to most diatomic gases since 
the processes are essentially the same except where chemical 
reactions are involved, such as, titration with nitric oxide. 
The experimental measurements of the processes of 
recombination and dissociation fall mainly into two categories. 
The first category includes those results measured at room 
temperatures, which are direct measurements of the rate of 
recombination. The second category includes those results 
measured at very high temperatures, which are direct 
measurements of rates of dissociation and are converted to 
rate constants for the recombination process, using the 
equilibrium constant. This process is only approximate for 
rate constants summed over the energy levels of the molecule 
and thus will introduce errors dependent on the relative 
populations of the molecular energy levels during the 
experiment. 
There are three main difficulties which occur in 
experimental investigations of rate constants for the 
dissociation-recombination process o Firstly, the 
interpretation of data, particularly when the rate of 
dissociation is measured in shock heated gas, since the 
calculations necessary to obtain a rate constant from data 
on the gas flow are necessarily complex. The second major 
difficulty encountered in experiments, and in theoretical 
estimates of the rate constants is the separation of the 
different mechanisms through which recombination can occur. 
Lastly, lack of system cleanliness and gas purity can cause 
Figure 3.1 
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Some of the experimental results for the 
rate c onstant which determines the recombination 
of nitrogen. The subscript, a, indicates 
that t he third body is a nitrogen atom. In 
all other cases the third body is a nitrogen 
molecule. In general, low temperature values 
were obtained directly and high temperature 
v alues from measurements of dissociation and 
c onversion using the law of mass action. The 
sources are: 
1 . Harteck et al (1958) 
2. Herron et al (1959) 
3. Allen et al (1962) 
4 . Marshall (1962) 
5. Kretschmer and Petersen (1963) 
6 . Byron (1966) 
7. Evenson and Burch (1966) 
8. Campbell and Thrush (1967) 
9. Clyne and Stedman (1967) 
10. Cary (1966) 
11 . Appleton et al (1968) 
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large errors in the apparent rate of recombination of a gas, 
if impurities are present which could catalyse the process of 
recombination g 
The most common method for direct determination of the 
rate of recombination of nitrogen is generally a study of the 
nitrogen afterglow. Harteck et al (1958), Herron et al (1959), 
Kretschmer and Petersen (1963), Campbell and Thrush (1967) and 
Clyne and Stedman (1967) have all studied the variations in 
intensity of the nitrogen afterglow, at and near room 
temperature a 
In general, the nitrogen is first dissociated by an 
electrodeless discharge and then allowed to flow along a 
glass tube. The relative concentrations of the atomic nitrogen 
can be determined at several points along the tube by 
measuring the Lewis - Rayleigh afterglow with a photo-multiplier. 
An absolute reference value of the concentration of nitrogen 
at a given point is obtained by titration of the gas in the tube 
with nitric oxide or measurement with a mass spectrometer. 
Since every effort is made to ensure that only pure gases enter 
the tube and since the discharge produces less than one per 
cent dissociation it is assumed that the third body in the 
recombination process is molecular nitrogen and that its 
concentration is constant. Alternatively, if measurements of 
the rate constant, with inert gas atoms taking the role of 
third bodies in the process, is required, a small amount of 
molecular nitrogen is added to the inert gas so that when the 
discharge has occurred the only third bodies present in 
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significant numbers are the inert gas atoms. Thus a value 
is obtained for the variation of nitrogen atom concentration 
along the glass tube and a knowledge of the third body taking 
part in the recombination. 
The equation for the rate of loss of nitrogen atoms due 
to the recombination - dissociation reaction is 
rJ [N] 
cit ::: ( 3. 1 ) 
Hence if the concentration of third bodies is assumed to be 
constant as it will be if it is much greater than the 
concentration of nitrogen atoms and if the temperature 1S 
assumed to be sufficiently small for the concentration of 
nitrogen atoms to be far greater than the equilibrium value 
so that the dissociation is negligible, then the equation (3.1) 
can be integrated between the points a and b in the tube to 
tive the recombination rate in the form 
(3.2) 
This analysis excludes any wall effects but these too can be 
included if they are likely to be significant, without much 
alteration to the equations. 
Another method for measuring the rate of recombination 
is the use of an electron-spin-resonance spectrometer to 
observe directly the electron-spin-resonance signal 
from the atomic ground state of the atoms to determine 
directly the density of atoms in the gas. Marshall 
(1962) used this method on gas flowing along a glass 
tube and applied equation (2.1) to find the rate 
constant for the recombination process. This method 
will in general be more accurate than the previous 
one provided that the calibration process is accurate, 
since the measurement of atomic concentrations is more 
direct o 
Lastly, a method which is of limited usefulness for 
measuring rates of recombination is the study of shock 
heated gases, since the reduction of the data obtained 
is a complex process and highly susceptible to error. 
Also the rate constant obtained from these experiments is 
for the rate of dissociation and the rate constant for 
recombination is derived from this by means of the 
equilibrium constant, and as was stated previously, this 
relationship is only approximate. 
Byron (1966) and Cary (1966) have measured density 
variations and relaxation times behind the shock wave 
using a Mach-Zenhder interferometer. Allen et al (1962) 
studied shock-heated nitrogen using spectroscopic and 
photometric techniques and Appleton et al (1968) used 
vacuum ultraviolet light absorption techniques. All 
these methods while subject to the drawbacks already 
mentioned are the only ones which allow measurement of 
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the rate constants either for dissociation or for 
recombination with nitrogen atoms taking the role of 
third bodies in the reaction. Since the majority of 
these results indicate that atomic nitrogen is several 
times more effective than molecular nitrogen as a 
third body in the reactions, then in a gas mixture 
which contains an appreciable amount of dissociation it 
will be the rate constant for the reaction with a 
nitrogen atom as the third body which will determine 
the chemistry of the gas flow. 
These measurements generally give a fair indication 
of the order of magnitude of the rate constant for 
recombination of a diatomic gas. However, the 
dep endence of the rate constant on temperature is not 
well determined. There are several reasons why the 
information on temperature variation, which is extracted 
from experimental results is subject to large errors. 
In addition to those reasons already mentioned at the 
beginning of the chapter, the experimental errors in 
measurements of the dissociation rate are probably of 
much the same order as the variations caused by the 
temperature dependence of recombination rate so that the 
values obtained for the parameters by fitting to 
experimental data are largely dependent on the methods of 
fitting which are used. 
It seems that more information is needed on rates of 
recombination at high temperatures where the statistical 
theory of Keck (1960) becomes inaccurate and where the 
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experimental results are also doubtful, ln fact figure 
301 shows an extremely wide spread of the results for 
recombination rates at very high temperatures . Since 
the mechanics of the transition from the three body 
complex to the bound state appears to be important 
in the recombination process, quantum mechanical 
transition probabilities will be used here. 
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4 , BASIC THEORY AND THE BORN APPROXIMATION 
4.1 General Theory 
The rate at which the reaction 
progresses can be expressed in terms of the rate constant 
for recombination, kr' which is a function of temperature 
only, in the following manner, 
c1 [2] = 
dt 
where Cot] represents the concentration of particles of 
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(4. 1 ) 
(4.2) 
the species • This equation takes into account only 
the rate of progress from a to b of the reaction (4.1). 
The rate constant can be expressed in terms of the cross-
section for the reverse reaction, b ~ a 1n equation 
(4.1), by applying the principle of time reversal 
invariance to the probability amplitudes for both reactions c 
The expression for the rate constant for recombination in 
terms of the cross section for dissociation of a gas 1S 
given by Bond, Watson and Welch (1965) in the form 
kyo (Q - b) Bb 
- 1;7 M54 ])i/e 
= 
4/l ~ 
~cv ( WI, VYi..l m.3)37~ i'Yl., (m;t-+ W'l,.3) e-3 
)00 1)t.kt! 3 
G - 111<', rJ 0- (k . b ~ a) k d k (4.3) C> J 
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where ga' gb are the statistical weights of the internal 
states of the particles in the scattered and incident 
channe ls re spe cti ve ly, m 0( for ot.. = 1, 2 and 3 are 
the masses of the respective particles, ~ k is the 
momentum of the incident particle, in the centre of mass 
system, 
M m1 + m2 + m3 ' 
Jl1 m1 (m2 + m3 ) 1M, 
D . is the dissociation energy of the ith energy level 
1 
of the molecule, that is the energy eigenvalue of the 
bound state (2,3) in equation (4.1) and e is the 
temperature of the gas. 
It is worth noting here that the equation (4.3) 
describes the rate constant for recombination to a given 
level and is quite simply related to the rate constant 
describing the dissociation from that same level by the 
equation (Bon~ Watson and Welch 1965) 
Hence any comparison with experiments, in which the total 
rate of recombination to all energy levels of the molecule 
is measured, requires that some method of summing the 
expression (4.3) over all energy levels of the molecule 
must be found. In addition this shows that determination 
of the total rate constant for recombination of a gas 
from measurements of the rate of dissociation must depend 
(4.4) 
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on the relative populations of the energy levels of the 
molecule, if the cross-section for dissociation depends 
on the dissociation energy . 
It is of interest to consider here the type of 
temperature dependence which the rate constant 
k ( B, D . ) exhibits for different type s of cross-se cti ons. 
r 1 
Firstly, if the cross-se c tion is independent of the energy 
so that 
then the rate constant, 
k' } z/' , D: Ji' 
k
Z 
;( 2;' D; Ii.' 
so that the power of the temperature dependence of the rate 
constant varies between - 1 and 2 according as the 
dissociation energy of the molecular energy level to which 
the recombination occurs is small or large. Secondly , for 
purposes of comparison suppose that 
a cross-section which resembles fairly closely the Born 
approximation. Then the rate constant 
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which suggests that the index of - 2 is probably a lower 
limit for the power of the temperature dependence at very 
high temperatures v Lastly, an example which is of 
interest occurs when the cross-section has a single sharp 
resonance at an energy Eo = 1i* k: / :2?f 
the recombination rate 
k ) 0( e- 3 y" (9 I D; 
_ (Eo ' Dc:) I e 
e 
, then 
, 
and (E - D.) is positive. Hence the rate constant has 
o 1 
a maximum at 
e = (E - D.) / 3 . o 1 
These examples are interesting because they give some 
idea of the types of temperature dependence which the rate 
constant might be expected .to exhibit. However, to make 
any accurate estimate of the rate constant some knowledge 
of the cross-section for dissociation is necessary. The 
differential cross-section for a break up collision is 
given by Newton (1966) in the form 
ln the centre of mass co-ordination system, where 
) 
E 
I 
and E are the total energies of the particles in the 
initial and final channels respectively. The relation 
(4.5) 
between the c o-ordinates in the centre of mass system atld 
in the laboratory system is given by the matrix 
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i'Yl3 / M 
A - i'Y13 / (m.2- .i \'Yl3) 
o -\ 
I f , whe re d. = 1, 2 and 3 are the 
laboratory co-ordinates and momenta of the particles, then 
the centre of mass co-ordinates are defined by the relation 
R ~j 
r :;:. 
!V 
A !'~ 
P .I"'~ 
"'" ~" (4.6) 
and the momenta are defined as 
P kf 'v 
-I '" 
k 
= (A) k2 'V 
.... 
)<: k3 "" (4.7) 
'" 
I 
In addition, 11 ~ = 11 (!E - ~), is the momentum exchange 
.v 
and primes denote quantities in the scattered channel. 
The transition matrix for the dissociation reaction, 
b -~ a in equ ation (4.1) is defined as 
(4.8) 
whe r e 
I ~JFo I __ 
Ho T and H 1~-I-J .," E. "( ~f) I 
and the total hamiltonian for all three particles 
taki ng part in the collision is 
inc luding pairwise interactions only. The total 
hamiltonian can be written as the sum of two parts 
H I + Vi H '" 0 -+ V: Ho 
where 
and V, V are those parts of the hamiltonian, H, 
wh ich go to zero for large separations of the particles, 
i n t he i n c ident and scattered channels respectively. 
In order to avoid, for the present, additional 
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(4.9) 
(4 . 10) 
(4.11 ) 
c omplic ations arising from conditions of antisymmetrization, 
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it is assumed that particle 1 is distinguishable from the 
identical particles 2 and 3 which form the diatomic 
molecule. Since the spin eigenfunctions of the diatomi c 
molecules of interest are in general anti-symmetric for the 
electronic ground state, the spatial components of the wave 
functions will have to be symmetric with respect to 
interchange of particles 2 and 3 if the total wave 
function is to be anti-symmetric or vice versa. As the 
hamiltonian and the boundary conditions in the incident 
channel are s ymmetric with respect to particles 2 and 3, 
then will be spatially symmetric for the even 
, 
rotational quantum mumbers. In addition V and V are 
symmetric with respect to particles 2 and 
only the s y mmetric part of the wave function 
3 so that 
f 0 I 
f 
will contribute to the matrix Tfi" Hence antisymmetrization 
conditions may be ignored if particle 1 is distinguishable 
from particles 2 and 3. 
4.2 The Born Approximation 
The simplest starting point in attempting to estimate 
a cros s - section is to use the Born approx i mation to 
estimate the transition probability. Then for a 
re arrangement collision 
(4.12) 
where While the Born approximation 
is inadequate for slow collisions of heavy particles it 
may give some idea of the high energy limiting values of 
the rate constant , and it should give a fairly good 
qualitative description of the recombination. 
Assuming that m2 = m3 = m and V12 = V13 = v, then 
equation (4.12) can be written as 
in centre of mass co-ordinates, where h "h = 
for the hamiltonian 
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(4.13) 
(4.14) 
and D. is the dissociation energy of the ith eigenstate 
1 
of the molecule. The expression (4.13) can be simplified 
by a change of variable to 
X= y- ± iP 
to obtain the matrix 
where, 
6 
T~j = 
<V 
.3 
V (x) d X , 
, (4.15) 
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is the fourier transform of the potential. 
For the sake of simplicity, consider first the case 
when 
where In-
I 
t (f ) satisfie s the equation 
(('j /11) '07. X~/~ / of); - [ J)i + ~3 (f) 
-1- {h) U+O/ /Yt ~z] 'Xh,l" 0) 
that is, 1,-( ?) has rotational quantum mumber, 
zero o If the wave numbers )( + 
/V -
are defined as 
the equation (4.15) can be written ln the form 
(4.16) 
where the transform 
It follows from this, by substituting from equation (4.16) 
into equation (4.5) for the cross-section that 
() B : 2> (2 7l f~, k -I f"'] d'9 d 3J< I II Up I Z 
. H(t' /2;1).,)(0: + 2, ~.q) + F."'X/j Wt f- Di] 
N 
(4.18) 
.{f i",~X~) t + [i ... , 1 )c) r + 2 X",~X+) Xn/x_)J. 
-
-42 
To simpl i fy the discussion of the equation (4.18) 
for the cross - section, consider the case when the wave 
function 
N t 
/ 
that is, the wave function for the ground state of a 
displaced simple harmonic oscillator. The following 
treatment applies nearly as well to higher vibrational 
energy levels, but the intermediate mathematical 
expressions are somewhat more complicated. The 
normalization constant N is given by the relation 
/
" I - Z, __ 3/ Z -I 0 Z' 
" i+TC oL r~ (4.19) 
and the transform 
since 0( fe, > /' / Since this transform of the wave 
function peaks sharply at 
X ,:. sufficiently great, 
, then, for k 
Q ,:li / ,} can be replaced by 7 ~ 
the delta function, for the first two terms on the right 
hand side of equation (4.18) and the third term can be 
neglected, so that equation (4.18) becomes 
in 
c 
-where 
Now,if 
r;: M Wt/ ) (W7 + WI,) • 
I :a J rV (JC_~ ) I A() 0 
I 
..t 
then using equations (4.19) and (4.20), it follows 
that for D/. p~ 77 '/ I 
(4.21 ) 
and hence, the equation (4.21) can be written in the form 
-/ -J.t -~J% 
6'" 8 (k l~('j~J :: (21l) :2 { jJv,:J; k. 
cr, 
/ V (q;J J ~ 'P at'} ( 4 • 22 ) 
where 
The differential cross-section for an elastic 
collision of two particles is of the form 
• 
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& 
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where ~ K is the initial momentum in the two 
particle centre of mass system. The relation between 
the centre of mass sys t em for two particles and the 
centre of mass system for three particles gives 
k jll ! / )1, (4.23) 
I I 
= k - k = K - K 
Since the Born approximation to the two particle T matrix 
is 
= 
-,3 '" (2 T[ ) V ('t) ) 
equation (4.22) can be written in the form 
0111 (4.24) 
whe re 
Numerical calculations of the cross-section were 
carried out using the momentum represent~tion of the ground 
state wave function of an undisplaced simple harmonic 
'V 
oscillator for the X 0 0 ) functions in equation 
(4~18)c The length parameter of the oscillator was 
chosen such that the wave function had the correc t root 
mean square radius . Figure 4.1 shows a comparison of the exact 
Born approximation, using this bound state wave function 
with the approximate expression given in equation (4~22). 
& 
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Figure 4 . 1 A comparison of the Born approximation 
(- -) to the cross-section 
for dissociation of nitrogen and the high 
energy approximation to it (---------------), 
using a simple harmonic oscillator ground 
state wave function for the bound state. 
AI 7-1 The parameters used are ~ = 5 x 10 cm 
1 8 -1 in the wave function and Ao = 2.5 x 10 cm , 
Va 10-9 erg in the Yukawa potential. 
~ 
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This shows that the error arising ln using the 
approximation (4.22) in place of equation (4.18) is 
negligible compared with the errors in the Born 
approximation itself. 
A more general expression for the Born approximation, 
which may be useful in the consideration of the higher 
rotational energy levels can be derived by substituting 
the more general expression 
for the bound state wave function in equation (4.15). 
The functi on X n. 1. ( f) is a solution of the one 
dimensional Schrodinger equation, 
D, + 
l 
Using the expansion for a plane wave in the form 
, 00 .e' 
e -(~t. e = ~: t I U I( L 1 j' I (Xi f) 
'£ .. 0 1't1=-1 .1 
where the direc tion of the z axis 1S arbitrary and 
may be chosen to be in the direction ( e, p) of 
the vector , the transition matrix in equation 
(4.15) becomes 
& 
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[~I (X.?) Y2' (B" 9,) 
I 
-i-ll (-X- f) »": (()-) 7- J] Xn1 (f)f-
1 
l.'l lie 
l,d(COSB)j d~ >/"'(0)) ~-:';o,~) (4.25) 
Using the orthonormality conditions for the spherical 
harmonics, the equation (4.25) simplifies to 
(4.26) 
where 
.00 
i ... ,l (X±) eX;' j 1,,1 (f) ..7,;'1. (<Xt. t) (Xt. f)"~d f 
is the momentum representation of the radial component 
of the bound state wave function , ~. ( f) 
Since the magnetic quantum number, m, of the bound 
state does not affect the cross-section for the dissociation 
process, an average is taken over 
applying the operator (2t + 1)-1 
all values of m 
-l 
" 
Lt to the 
M" -1 
by 
expression obtained by substituting from equation (4.26) 
for the T matrix into equation (4.5) for the differential 
cross-section. Then the cross-section, 
& 
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+ l~. 'I) + h.~ x# / WI. -4- 0 i ] 
IV 
(4.27) 
+ I Xl'ti ()C ) y~wt (e_
J 
9-) /k 
+ ), R e. { i, ~ (x,) jj x -) Y,,-WI ( g, ) ¢ ,) I.{"'(B-,¢J]J. 
The sum theorems for the spherical harmonics a r e 
and 
(Brink and Satchler 1962), where UJ is the angle 
between the directions (eL ~) and (e ~) ,. ) 'f' .f- - J 'f .  
that is, 
Applying these theorems to equation (4 . 27), the cross-
section for dissociation becomes 
& 
+ I i 1 (x_) I ¥ 
"') 
This expression can be approximated in general terms 
using methods similar to those applied to the ground 
state, and should give some idea of the type of 
contribution to the reaction which can be expected 
from the higher rotational states. However, for the 
present, more information about the rate constant for 
recombination can be gained by considering the 
vibrational energy levels only. 
4.3 The Rate Constant 
Consider now the expression (4.22), a high energy 
approximation to the Born approximation for the cross-
section for dissociation. Although this expression was 
derived for the ground state, it can be shown to apply 
nearly as well for the higher vibrational energy levels. 
Then, if the expression (4.22) for the cross-section is 
substituted into the equation (4.3), the resulting 
& 
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expression for the rate constant for recombination is, 
k = r 
(4.29) 
where is the energy of the incident 
particle in the three particle centre of mass system. 
The expression (4.29) can be further simplified by 
integrating by parts with respect to E, to yield the 
result, 
where 
.2-
q,/~(E) 
) 
While the approximation (4.30) cannot be regarded 
as an accurate quantitative estimate of the rate constant 
for recombination, since the Born approximation introduces 
serious errors into the cross-section for the collisions 
of slow moving, heavy particles it is a useful approximation 
in that it should show up most of the qualitative aspects 
of the recombination which are important in gas dynamic 
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TABLE 4.1 
A list of the potentials used to describe the 
interacti ons between the incident atom and the atoms in 
the molecule, in estimating the cross-section for 
dissociation, together with their Fourier transfors. 
V (r) 
Figure 4 . 2 
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A comparison of the potentials given in table 
4.1 • 
has 
the 
has 
AI 
and 
has 
and 
The Yukawa potential ( ---------------) 
V = 10-9 erg and Ao = 
o 
sum of Yukawas ( 
V1 = -5.6 x 
10-11 erg, V2 
8 2.5 x 10 -1 em 
-) 
= 9.0 x 10-
8 
erg, 
9.1 107 -1 and )..2, = 7.1 108 -1 = x em x em 
the Morse potential (- - -- -) 
-11 2.6 x 108 -1 d = 1.6x10 erg, a = em 
r = 1 .09 x 10-
8 
em. 
e 
V.l0
11 
erg 
FIGURE 4.2 
situations. The two most important factors affecting 
the rate constant, k , 
r 
are the dissociation energy, 
D. , of the particular bound state energy level involved, 
1 
and the two body interactions between the incident atom 
and the two atoms in the target molecule. 
A feature of particular interest, which shows up 
quite well in figure 4.3, is that the probability of 
recombination to a given energy level decreases very 
sharply as the dissociation energy of the energy level 
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increases, in fact for the case of nitrogen, recombination 
to all other vibrational energy levels is almost negligible 
when compared with recombination to the highest vibrational 
energy level. In terms of the differential cross-section 
for the elastic scattering of two particles used in 
equation (4.24) this is due to the elimination of the 
sharp peak which the differential cross-section has in 
the forward direction by the restriction on the momentum 
exchange, due to the conservation of energy. 
4.4 Effects of the Interaction 
A selection of three different potentials is 
discussed here. These potentials and their Fourier 
transforms are listed in table 4.1 and the parameters in 
v and v are selected in such a way as to obtain a 
y s 
reasonable fit to the Morse potential, to facilitate 
comparisons between the cross-sections derived using 
these potentials. The parameters of the Morse potential 
can be estimated using the spectroscopic constants derived 
Figure 4.3 
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A comparison of the high energy approximation 
to the Born approximation for the cross-section 
describing dissociation for the potentials 
v y 
v 
m 
( ) , 
(---) 
v (-- -- --) 
s 
and 
shown in figure 4.2. The 
cross-sections are shown for two dissociation 
energies, corresponding to the ground 
vibrational energy level and the highest 
vibrational energy level of the nitrogen 
molecule ~ 
~ 
"-{ 
" 
- 15 D. = 2 >( 10 erg 
"-
1 
-5 
"-
"-
"-
r ---. ~ 
" 
-7 
, , 
I log 0-2 -11 em 
-13 , 
/ - 11 D = 1. 57 x 10 er g i , 
/ 
- 15 I 
-14 -12 
log E erg 
FIGURE 4.3 
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from the Morse potentia1 7 which are given in chapter 7 
and using the numerical values for these constants 
given by Herzberg (1950). Examples of the three potentials 
are given in figure 4 c 2 for purposes of comparison . 
Using the three potentials v, v and v to y s m 
substitute in equation (4.22) for the cross-section 
yields expressions which can be integrated fairly simply. 
Some results for these three cases are shown in figure 4.3. 
There are several points of interest arising from the 
results in figure 4.3. Firstly, a comparison with 
experimental results shows that these estimates of the 
cross-section are far too large, a result which was only to 
be expected and due to inaccuracies in the Born 
approximation. It is also of interest to compare the 
effe cts of the tail and of the cor e of the potenti als 
used . The relations between the potentials, both for 
large r and for small r, are given in table 4,,2. The 
sum of Yukawas, which falls off more slowly at large r 
than the Yukawa potential gives a considerably larger value 
for the cross section than both the Yukavra and the Morse 
potential c Although this is no doubt partly due to the 
much harder core of the potential v ,as most of the 
s 
scattering in atomic collisions occurs at very small 
scattering angles it seems that the main vart of the 
increase in the cross-section is due to the extra length 
in the tail of the sum of Yukawa potentials. This is 
particularly true for recombination to the higher 
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TABLE 4.2 
A compari son of the three potentials given 1n 
flgure 4.2 for both very small and very large 
separations, where a typical set of parameters are 
given in figure 4.2. 
y- -9 0 
Vm / Vy 
00- ,,) r-
EV r ..-v re 
Vj / Vs; ..-v ePl:ll -)0) r 
{ :{, -/10 ) Y' 
/V 6 
V~ / ~ (A, - ,,) r-.-v-(" ."'\./' y~ 
--
vibational states but not so applicable to recombination 
to the other vibrational levels since the forward 
scattering is largely eliminated fr om the dissociation 
cross-section for these states by the restrictions on 
the momentum exchange. 
While the results obtained, using the Born 
approximation to the total cross-section for the 
dissociation process, are of very limited usefulness in 
estimating accurately the rate of recombination of a gas, 
they are nevertheless useful as a means of gaining some 
insight into the process. They give added substantiation 
to theories of dissociation vibration coupling which 
postulate a weighting of the probabilities for 
recombination to a given energy level in favour of the 
higher energy levels. 
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5 • THE IMPULSE APPROXIMATION 
The separation of the transition matrix into the product 
of the Born approximation to the T matrix for the elastic 
collision of two particles and form factors dependent on 
the initial and final states of the particles in the target, 
which is accomplished in equation (4.15) by a change of 
variables is very similar in appearance to the impulse 
approximation. The high energy approximation used 
subsequently to obtain equation (4.24) where the cross-
section for dissociation is expressed in terms of the 
differential cross-section for the elastic collision of 
two particles is very similar in form to the closure 
approximation (Goldberger and Watson 1964). From these 
observations it appears that the use of the impulse 
approximation together with the closure approximation 
should give a more accurate estimate of the cross-section 
for the break up of the molecule. 
The impulse approximation is valid when the energy 
of the incident particle in a collision is much greater 
than the binding energy of the target. Then this 
approximation should be particularly applicable to the case 
of a gas at very high temperatures, and the target 1n a 
high vibrational state. These high vibrational states are 
of very definite interest in the case of recombination, 
as experiments indicate, that most, if not all, 
recombination occurs to the higher energy levels. 
I 
! 
5.1 The Impulse Approximation 
The two potential formula (Rodberg and Thaler 1967) 
for the transition matrix is 
where 
The first term in equation (5.1) is zero in the physical 
region and so can be omitted. Hence, the transition 
matrix 
< X~-) I J t, ) 
where 
, 
and H is the kinetic energy operator for the three 
o 
particle system. 
By means of the multiple scattering expansion 
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( 5 • 1 ) 
( 5 .2) 
( 5 .3) 
(Goldberger and Ivatson 1964), this three body T matrix 
can be written in terms of two body T matrices. Since 
multiple scattering will not contribute appreciably to the 
cross-section, for dissociation only the first terms in the 
multiple scattering expansion will be significant, so that 
I! 
I 
where 
- V I' -I I 0/. = 10l -+- VI a( (£. - Ho - V~.?, + l €--) TO{ 
for 01.:: 1 J ,t., , • 
To obtain the impulse approximation from the 
expressions (5.2) and (5.4), one begins by defining a 
set of free eigenfunctions, ~3 ,such that 
Ho' f3 '" f d ¢~ 
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(5.4) 
( 5 • 5 ) 
and corresponding T operators for the scattering of an 
incident particle by free particles, that is, 
I .) T(f) (E - H" -t L (, ot. d , 
(5.6) 
(p) 
for 01.. = 2, 3. These Tci will be good approximations 
to the operators T rX. in equation (5.5), when .-:the energy 
of the incident particle is much greater than the binding 
energy of the target. 
Following Rodberg and Thaler (1967), we can write 
(5.7) 
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and by substituting the wave functions. 
and similarly for and 1/ , where are 
the momentum and co-ordinate of the centre of mass of 
particles 2 and 3, , and h is 
the hamiltonian describing the relative motion of particles 
2 and 3. 
Then, using the relations, 
(2/(.)3 $(U- u' ) =J c;l3 V -,i.(", - uiJ. v e ~ "" ...... J 
J s (u, - u!) F (u}) ol\(' = F (~) "'" ,.." '" 
most of the integrals in the expression (5.7) can be 
evaluated, so that the equation for the T matrix becomes, 
t1h t (0 ) I I 1/ I . : I I J Tf f h < ~, ) i<:fv +~l.l~Ji - ~I" t, 
(5.8) 
..... 
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To simplify the expression (5.8) for the T matrix 
further, it is necessary to make t,.;ro approximations both 
of which depend for their validity on the condition that 
the energy of the incident particle in the collision 
should be much greater than the binding energy of the target. 
Firstly, in equation (5.4) for 
operators are replaced by the T 
t 1 , the two body CF) 
ope ra tors, T 0( 
defined in equation (5.6), so that 
T 
Using this expression in equation (5.8), it follows that 
the transition matrix can be written in the form, 
• 
( 5 .9) 
(5.10) 
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Since the particles 2 and 3 are assumed identical, 
it has already been assumed that they have equal masses, 
and now it is also assumed that 
Then, using the delta function to carry out the integration 
over in equation (5.10), we obtain 
The second approximation which is necessary to obtain 
the final form for the impulse approximation to the T matrix, 
is to set ~j = 0, in the two body T matrices. Since 
the momentum of particle 1 is assumed to be much greater 
than the momentum of particles 2 and 3, variations ln 
b.tj ==' Lj( + ~j and ).; IV ~3~ ~ L j( - X :JJ '" ",3 due to 
changes ln ~~ will not affect the two body T matrices 
appreciably, so that the matrices can be taken outside the 
integral and the equation (5.11) becomes, 
s (p - p' ) 
.... '" 
Wt, 
M+ Wt, 
m ~I - i m,j( '> f cl f 1 * ( e) { 
M 4- Wl, / _ F 
-L L~: - ~, -+ i (dj'- cg)J . e 
e 
In order to make comparisons between the expression 
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(5.12) 
(5.12) for the impulse approximation to the T matrix and 
the expression (4.15) for the Born approximation, it is 
necessary to transform to the three particle centre of mass 
system, where P :::: pi :::: 0 , 
"'" .-
Then it follows from 
equation (5.12), using the relationship between co-ordinate 
systems given in equations (4~6) and (4.7), that 
_ LA I I T (+> ) M+ i m, ~> < .M+i wt , k I ~ i :: 'i + 
'" 
m.. \1'11, '" M -t M, 
J c).Jf iF ~ (fr,J [ ei~,!.e 
I i. ~,f,.. ] t (f) + e - i '" . 
Comparing this expression with the equation (4.15) 
B 
(5,13) 
for T ft ,the Born approximation to the T matrix, two 
improvements can be seen, in using the expression (5.13) 
rA 
for T fL to describe the collision. Firstly, the term 
'" V(qr) in equation (4.15), which represents the 
Born approximation to the T matrix for the elastic 
collision of two particles has been replaced by the exact 
T matrix for the elastic collision, since using equations 
(4.23), it follows that 
+ 
I""- -+ ~ 1Nt, 
VY\ -+ VY\, 
lS') 
As the Born approximation is a very poor estimate of 
the differential cross-section for the elastic collision 
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(5.14) 
of two slow-moving, heavy particles and much better estimates 
are available, both theoretical and experimental, this 
should greatly improve the approximation. The other 
improvement which the expression (5.13) shows when 
with the Born approximation is that the plane wave 
compared 
&J L~.~ 
I V J 
has been replaced by the wave function, ;tf , in the 
form factors. Thus the effects of the interaction between 
the particles originally in the bound state are included 
for their final state. 
5.2 The Closure Approximation 
The total cross-section for the collision of all three 
particles can now be expressed in terms of the differential 
cross-section for the elastic collision of two bodies, 
by applying the closure property of the complete set of 
eigenfunctions, ~, (Goldberger and Watson 1964) 
Firstly from equations (4.5) and (5.13), the cross-
secti on 
(tr* } < 1(· / Ifi 
. (e+'1·e + e)i'J:' f.) l'ife! b[~, (<j.' + ZH) 
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(5.15) 
where 
= 
This expression can be simplified by using the fact 
that when the binding energy of the target is much smaller 
than the impact energy of the incident particle, the 
differential cross-section peaks sharply at those 
eigenstates, '1 f ,which have energie s, Ef , corresponding 
to the recoil of one of the target particles as if it were 
not initially bound in the molecule. Thus it is assumed 
that the differential cross-section peaks sharply at 
Ef = E, and the delta function is expanded in a Taylor 
series about this point, so that following Goldberger and 
Watson (1964) 
- 1'\ ( E~ - E) , 
where 
Using the closure property of the final states, 
'tf ,the sum over these states can be carried out to 
yield 
and the equation (5.15), for the cross - section becomes 
where 
/' = ~ 
Since the commutator 
then it follows that 
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(5.16) 
(5.17) 
(5.18) 
and hence, by induction it is easily shown that a similar 
result holds for the higher terms in the series. Then 
equation (5.17) can be written in the form 
i 
r ~ 
1\ 
Now if 
E 
E 
= 
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, f Z / ( J -t G L 1> ... )( h ct t+ WI, 
(5.19) 
is chosen, such that 
that is, equal to the value which it would have if one of 
the target particles recoils as if it were free, then the 
cross-section can be estimated in the following way. 
First consider the series, , whe re 
I' l'\, 
(5.20) 
The first term can be written approximately in the form 
..... 
(+ ) 
if the matrix T f( varies only slowly with the 
momentum of the bound state, /lf i that is if the 
momentum of the bound state is much less than the 
momentum of the incident particle. Correction terms 
similar to those found by Goldberger and Watson (1964) 
can be calculated, firstly for-the dependence of 
a·) 
T F l on the momentum of the bound state of the 
target and also for the higher terms in the series, 
In all cases these correction terms are 
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small, provided that the momentum of t,he, incident particle 
in the collision is greater than the momentum of the 
bound state of the target. 
Alternatively, under the above conditions of initial 
momenta of the particles, it can be shown that the terms 
. t~ 
L q" I ~ / 2- m- and [h, T(n] can 
,.. 
be neglected, so that rr\ ~ 0 for 'r1 J 1. • 
Hence only the first term in equation (5.16) need be 
considered, so that, 
(5.22) 
. [I + 
with the additional restriction that, if the cross-section 
for break up only is required, then E7 0, so that 
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Then the expression (5 0 22) should give an accurate 
estimate of the rate of recombination at sufficiently high 
tempe ra tur e s. 
Numerical calculations, using displaced harmonic 
oscillator wave functions for the bound state show that 
the term < -'1/, / coS tj. t / 1::> is responsible 
"'" 
for only a few per cent of the value of the cross-section, 
so that it can be neglected. Then, assuming that the 
differential cross-section does not depend on the azimuthal 
angle, the expression (5.22) can be simplified to the 
expression 
This can be re-written in terms of two body centre of mass 
co - ordinates in the form 
(5.23) 
where 
(5.24) 
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is the differential cross-section for the elastic 
scattering of two particles, 
(5 0 25) 
and, the relation 
2 1< 51t\ 1X , 
is used. 
5.3 A ComEarison with the Born AEEroximation 
A comparison of (J'-' LA in equation (5.23) and 
o---B in equation (4.24) shows that the first is more 
accurate in that the integrand is now the exact differential 
cross-section for the elastic collision of two particles, 
rather than the Born approximation to it. The other major 
difference is in the lower limit of integration which in 
the case of the Born approximation is given by 
for large K, whereas the lower limit of integration in 
equation (5.23) for the impulse approximation is given 
for large K, by the relation 
This difference appears to be due to the much improved 
description of the interaction between particles 2 and 3 
in the final channel . In equation (5.13) whi ch gives the 
impulse approximation to the transition matrix, the exact 
Figure 5.1 
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A comparison of the Born approximation 
(--- ---- ) and the impulse approximation 
( ---------------) to the cross-section for 
dissociation of a nitrogen molecule by collis i on 
with an argon atom, assuming an interaction 
of the form of a Yukawa potential as is shown 
in figure 4 r 2. The cross-sections are shown 
for both the lowest and the highest vibrational 
energy levels of the molecule. 
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final state wave function for particles 2 and 3 is 
present whereas in the Born approximation given in equation 
(4.15) this is approximated by a plane wave. 
However, it can be seen from figure 4.1 which 
compare s the Born approximation and the impulse approximation 
to the cross-section for highest and lowest vibrational 
energy levels, the difference between the two approximations 
is not large when the dissociation energy is small, if the 
Born approximation to the differential cross-section for 
the elastic scattering of two particles is used in equation 
(5.23). Since most of the recombination occurs to energy 
levels of the molecule with small dissociation energies, the 
differences, arising between the two approximations, from 
the differences between the lower limits of integration, 
should not affect greatly the total rates of recombination 
obtained. 
If the Yukawa potential described in Chapter 4 is used 
to describe the interaction between the particles and the 
Born approximation to the differential cross-section for 
the elastic collision of two particles is used in equation 
(5.23) the expressions obtained for the cross-sections are 
(5.26a) 
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and 
l Z {I . -l 0-- 8 1 rr VO~I .t 4-Wl.DlJ :::: }.,G + -T );r~ E 1; 
(5.26b) 
[ ~o~ ~ g~+ E ] -'}. ~,11.Z 
These two approximations are compared in figure 5.1 for 
nitrogen molecules being bombarded by argon atoms. It 
is interesting to compare the expressions (5.26), when 
E > './ D. • Then, the cross-sections can be written in 1 
the form 
()B 
and 
(j'- IA 
so that for E 
~ 2 Z/Itf.' 2 it /" Vc 0 [ 
~ ~ 1 2 O~ . J ~) > :2 TC ~I Va It C + 4. Wl Di 'h {E, 
sufficiently large 
-A 12 cr--,1. ~ (J~ for D. small, provided 
1 
that the Born approximation to the differential cross-
section for the elastic scattering of two particles is 
used to calculate 6" I A 
(5.27a) 
(5.27b) 
Although the differences in the limits of integration 
make little difference to the total rate of recombination, 
the use of a better approximation to the differential 
75 
cross-section makes a quite considerable difference. 
Before making a thorough investigation of the differential 
cross-section for the elastic scattering of two particles, 
it is worth noting, that the rate constant which arises by 
substitution of the expression (5.23) for the cross-section 
into equation (4.3) is 
(5.28) 
whe re V = C 0.5 X. and X is the scattering angle 1n 
the two particle centre of mass system. 
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6. TWO BODY ELASTIC SCATTERING 
In the previous two chapters it has been shown that 
the cross-section for the dissociation of a diatomic 
molecule due to collision with an atom can be related to 
the differential cross-section for the elastic collision 
of two atoms. The differential cross-section for the elastic 
scattering of two atoms has been calculated by Bernstein 
(1960) but the results are not in a convenient form to use 
in the calculation of rate constants, since this calculation 
requires a reasonably simple closed form for the differential 
cross section. The Born approximation to the cross-section 
for the elastic scattering of two particles, badly 
overestimates the size of the cross section so that this will 
not give a good estimate of the rate constant. 
Massey and Mohr (1934) have given a simple 
approximation to the total elastic cross-section for atom-
atom scattering, which correctly describes the gross 
features of the scattering. The method of Massey and 
Mohr is extended here to yield a simple closed form for 
the differential cross section. 
6.1 Theory 
The differential cross section for potential 
scattering is given by Massey and Mohr (1933) in the form 
~ 2 cA~(t)/ of 11. "" I<-Z{ [J{o (1+1) 2 sit\zSl f?t (cosx)] 
[{(1+1) siv. 2S1 f1 (coSX)]zJ. l~o + ( 6 • 1 ) 
For ~ sufficiently great, the phase shifts 
small, so that a value L can be chosen such that 
Also for .£ sufficiently large (Szego 1939) 
r/:J; ~ ( (0 S :K) ~ (X J s i t\ X ) J o [( 1 + i) Xl 
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are 
(6.2) 
-/ 
{
Xl 0 (I) oi.J ~ct (6.3) 
+ XI / lJ 0 (1. -3~ ) C .1-j~ J i J[ - & 
Following Massey and Mohr (1934), if 51Y'l2..bj 
and are replaced by their mean values of 1 "2 
and 0 respectively for .1 < L and the summation over 
l is replaced by an integral in equation (6.1), the 
equation becomes 
L 
d cr-l{.) / 01 12; k- Z {· [ t Ci +~) Pl (cos X) /-"0 
I
. liz. (' 00 l- ] 11 
+(X Sif'l X) J;. Cl ~ 1) 2 ~} ~ [(l~i)):] dl 
00 
+ [eX I S>~ n'h 1(1+1) 2- & J;; La';) Xl (6.4) 
,di J~ 1. 
For an inter- atomic potential of the form 
v =-c (6. 5) 
Massey and Mohr (1934) obtain a phase shift for 
) :>- L, of the form 
using an approximation to the WKB approximation obtained 
by application of the binominal expansion for the case 
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(6.6) 
when ~ is large. In equation (6.6), jl is the reduced 
mass and 11. K is the incident momentum. 
If L is determined by the relation 
Sl- = X 
then it follows that 
where 
Hence, by substituting for S,t ,from equation (6.6) 
into the expression (6.5) for the differential cross-
section and applying the condition (6.8) the expression 
(6.7) 
(6.8) 
(6.9) 
+ ~ {x/5i~lf~( /<1/5 x· Gt ( P K,/5 ;oY 
+ f1 ('X. / 510 !f~l lis X 
(6.10) 
-
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is 
and 
obtained, where 
00 
F (x) ';. 3X31 )-4 J O V) 
C10 
G (x) 
-
g X g j j - q J., (j) 
)( 
From Erdelyi (1953), 
L. 
~I (1 + f) f) (c os X) 
)~o 
Jj 
dj 
. [P~-tl (co-sX) - p~ (coSX)} . 
(6.11a) 
(6.11b) 
(6.12) 
Since L is large the approximation (6.3) can be applied 
to the right hand side of (6.12) so that, using the 
additional approximation 
it follows that 
1..( 
~ t) 4 1) ~ (c 0 S X) ~ [( L -t 1) X /2 ( I - C 0.5 X )] 
/.:'0 
. (r. / 5 ~ n. X) 1/2-~ [( L ~ ~J X] 
for L sufficiently large. 
Finally, using this approximation (6.14) in the 
expression (6.10) the differential cross section for the 
(6.13) 
(6.14) 
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elastic collision of two atoms is given by 
(6.15) 
Calculations of the differential cross-section for 
the elastic scattering of two particles, using the 
expression (6.15) require some knowledge of the functions 
F (x) and G (x) given in equations (6.11). While the 
integrals must be done numerically for intermediate values 
of x, it is possible to obtain analytic representations 
for the cases when x is very small and when x is very 
large. 
The expression (6.11a) for F (x) can be integrated 
by parts to yield 
F ex) 
.10 (1<) - X J; (x) - X\~ (x) X
3 
-
- - J (x) J -3 
00 
+ 1 X.3 J Jij (z) oIz 3 
X 
Then from Erd~lyi (1954) the integral 
tXJ 0.0 J 0~ (z) 01 z 
)( 
<I ( ) I ,- 2 Li ~h:~ 
~=O 
-
..... 
> 
TABLE 6.1 
Some v alue s of the functions F (x) and G (x) 
deflned in e quati ons (6 Q 11) 
x 
F(x) 
G(x) 
x 
F(x) 
G(x) 
x 
F(x) 
G(x) 
x 
Ftx) 
G(x) 
o 
1 . 0 
10 0 
4 
8 
60 
- 0 0 003 
=0 .008 
1 
5 
0 . 061 
0 . 009 
10 
- 0.039 
- 0.117 
100 
0.002 
0.006 
2 
-0.057 
0.077 
6 
0.127 
0.213 
20 
-0.004 
0.004 
3 
-0.256 
-0.327 
7 
0.060 
0.170 
40 
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and henc e using the series representations fo r t he 
Bessel func tions J", (x) , the function 
F (x) '" I .-
Alt e r natively if x is very large, then one can use 
the asymptotic representation of the function 
to obtain the relation 
F Lx) ~ - /J j X - $/2 s;" (X - T[ Itt-) J 
for x sufficiently great. For intermediate values of 
x, numerical methods must be used since the series 
re p r esentation converges too slowly, results of such a 
c omputation are given in table 6 . 2. 
Following a similar procedure with the expression 
( 6.11b) for the function G (x) one finds that 
~ (X) = ~(X) - txJ;(X) +14- x~~(x) 
00 
, .3 - ( J I f ( -4- - cJ 4-g X J3 X -t i;8 X J Z .J ij. (z) z. ;< ) 
a nd ignoring the last term this gives 
I -
which has a maximum error of 0.01 per cent for x ~ 1. 
Alt e rnatively , if x is sufficiently great 
G ( x) ~ - II g x - 3/ Z .sin ( x - rc /4-) ) lie 
and f or i nte r mediate values of x numerical methods must 
be us e d t o evaluate the integral in equat io n ( 6.11b). 
F i gure 6.1 
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A comparison of the results of this Chapter 
for X=0.4(-------), 
X = 0.6 (- -- -- --), X = 0.8 (- - --) 
X 1 .0 (- - - - - - - -) with an exact phase 
shift calculation ( ) for 
Li - Hg scattering with K = 8.68 108 -1 cm 
and C = 2.71 10-58 6 The results for erg cm • 
different values of X have been shifted 
progressively by one graduation vertically. 
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A comparison of some experimental results 
( ) with the resul ts of this 
Chapter (- -- -) for Li - Hg scattering 
with the vertical scale shifted progressively 
by one square for each different energy_ For 
A: K = 1. 11 109 -1 B: curve cm curve 
K 9.78 108 -1 and C: cm curve 
K 7.82 108 -1 = cm 
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Some of these values are given in table 6.2. 
6.2 Ca lcul ations 
To use the equation (6.15) in a numeri c al computation 
it is necessary to make a choice for the value of X. 
Ca lculations peformed with equation (6.15) for a number 
of different values of X, show that scattering in the 
fo r ward dire ction is not sensitive to the value of X for 
realistic values of X. 
Differential cross-sections for the elastic scattering 
of lithium atoms by mercury atoms were calculated from 
equation (6.15) for several values of X. The results of 
these cal culat ions are plotted in figure 6.1 and compared 
with an exact phase shift calculation made b y Hofstetter 
and Bernstein (1960). As X decreases the number of 
diffraction minima increases and the initial peak in the 
cross- section becomes accentuated, although there is no 
significant change for very small scattering angles. The 
choice X = 1 provides the best fit to the results of 
the exac t calculation for this particular case and also in 
mos t of the other cases which have been inves t igated. 
Figure 6.2 shows a comparison of some experimental 
results of Hofstet t er and Bernstein (1960) for Li - Hg 
scattering with the results of a calculation using 
equation (6.15). The experimental results are not 
absolute values but have been plotted as near as possible 
to the curves obtained from the expression (6.15) to 
Figure 6.3 
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A comparison of the results of this 
Chapter (-- -- --) with an exact phase 
shift calculation ( ) for 
H2 ~ Hg differential cross-section with 
-59 6 C = 5.98 10 erg cm and X - 1.0. 
(a) 
(b) 
9 -1 K = 1.03 10 cm 
K = 5 . 15 109 -1 cm 
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facilitate comparison of the two sets of results. The 
average slope of the experimental results is somewhat 
less than that of the results obtained from the 
approximate theory . This is no doubt at least partly 
due to the errors introduced into the expression (6.15) 
by the approximations made and by the omission of a 
repulsive term from the potential in equation (6.5), 
since the same discrepancy appears when comparisons are 
made between calculations using equation (6.15) and 
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exact phase shift calculations. However, the discrepancies 
are not in general so large in the comparisons with exact 
phase shift calculation and this is probably due to the 
fact that it is difficult to obtain atomic beams with good 
velocity resolution . 
Figure 6.3 shows a comparison of the differential 
cross section for the elastic scattering of hydrogen 
molecules by mercury atoms as estimated by equation (6 Q 15), 
with the results of an exact phase shift calculation 
carried out by Bernstein (1961). Calculations were also 
c a rried out for other values of X, and while changes 
in the value of X did not affect the scattering 
significantly at very small angles, the best agreement 
at larger angles was found to occur when X was near 
to 1 ~ The comparison in figure 6 . 3(b) shows that equation 
(6.15) is only a valid approximation for small angle 
scattering except fo r low incident momenta. However, since 
most of the scattering occurs at small angles the expression 
(6.15) will be useful in calculating integrals over the 
ill 
88 
differential cross-secti on provided that too much of the 
scattering to small angles is not excluded from the 
integraL 
6.3 Recombination and Dissociation 
The cross section for the dissociation rate given 
in equation (5.23) is 
where do-Lt.) / d{co.sX) is the differential cross section 
for the elastic atom - atom scattering, and 
/-
Using the expression (6.15) for the differential cross-
section to substitute in equation (6.16) one finds that 
.. ~ J<4-/6'l[ 
(3'-IA == 4/L f2 K- JJ/ S J J dJ { 
where 
Since 
(J K'l-lsX
o 
[ 1 X Z ( I - c () ~ X) -iJ -I J, (j) 
+4x"G,{j)t + U XF(jJfJ , 
c/(5-(fl / of.n. decreases very rapidly 
rA 
as X increases, 0-- will be large when 
'Xo is small, that is, for small dissociation energies 
(6.16) 
(6.18) 
or 
7 
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TABLE 6.2 
Values of the ratio, 1::0 / '.Kc for some 
typical values of the dissociation energies, D. , 
1 
for 
the highest vibrati onal energy levels of diatomic molecules, 
mass m, of the atoms and wave number, k, with 
- 59 6 C = 6 10 erg cm 
D ergs 10-15 
m gm 10- 23 10-24 
k -1 108 109 1010 108 109 1010 cm 
Xo / ~c 1.8 1 .2 0.76 0.38 0.24 0.15 
D ergs 10-16 
m gm 10-23 10-24 
k -1 108 109 1010 108 109 1010 cm 
10 / Xc. 0.60 0.38 0.24 0.12 0.076 0.047 
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for large K. An estimation of when is 
large and when equation (6.15) will be a useful 
approximation to use in estimating the total cross-
section for the process of dissociation is obtained by 
comparing x 
o 
and , where is defined 
by the relation 
(6.19) 
For small the ratio in question is a function 
of for a given value of X, and has 
the value 10-3 at . 
/ 
when 
x = 1 .0, so that 
For small )(0' the equation (6.17) can be written 
approximately in the form, 
so that from equation (6~20) 
Typical values for this ratio are given ln table 6.1 
It is worth noting that if K is not small, then 
will be large unless is very 
(6.20) 
(6.22) 
L& 
small so that the integrand in equation (6:17) will vary 
-2 
as y and contributions to the integral will be 
negligible unless is very small. Hence in 
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obtaining the total cross section for atom - atom elastic 
scattering from the expression (6.15) it follows that 
<fl _ fJ.. ~ K - fI-/s-
<s-- = :2 I\" r- [ q + 
, 
(6.23) 
for K not small, where 
~ t 
a ~ i J -I d j [~(J) J , 
and 
b = tdj {j:1;<;) G(P + ~ J[FcytJ, 
00 
A fo J dj 
because for X small 
-l ( I - co-S X) 
The equation (6.23) is then very similar to the 
approximate form for the total cross-section derived by 
Massey and Mohr (1934), that is 
= 
A useful upper limit to the rate constant in equation 
(4.3), which describes the rate of recombination to a 
given bound state, can be derived by taking the limit 
D. ~ 0, since this will maximise the cross-section in 
1 
expression (6.18), and this can easily be shown to affect 
1 
Figure 6.4 A comparison of the rate constant, k , r 
for recombination of nitrogen to a given 
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molecular energy level, with argon as the third 
body in the reaction, for two levels with 
different dissociation energies, 
and D. 
1 
-15 2 x 10 ergs with 
D . = 0 
1 
C = 6 x 10- 59 
6 
erg cm and x = 1.0 with the experimental 
results of Harteck et al (1958) at low 
temperatures and the results of Byron (1966) 
at high temperatures. The bars indicate the 
spread of other results. 
1 
-32 
-33 
-35 
-36 
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log T oK 
FIGURE 6.4 
1 
Figure 6.5 
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A comparison of the rate constant, kr' 
for the recombination of hydrogen to a given 
molecular energy level, with argon as the 
third body in the reaction, for two levels 
with different dissociation energies, 
D. = 0 and D. = 4 10-16 ergs with 
1 1 
C = 6 10-59 erg cm -1 and X = 1.0, with 
the experimental results of Kretschmer and 
Petersen (1963) at low temperatures and the 
results of Sutton (1962) at high temperatures. 
The bars indicate the spread of other results. 
1 
-31 
-32 
log k -33 
r 
6 - 1 
cm seC 
-34 
-35------~1~------------~2~~----------~~------------.J 
logT oK 3 
4 
1 
the rate constant far more than the term 
Then it follows from equation (5 . 28) that 
wt,5/:l. m ~ e-3 
~ h~~ 3 
. J e.-~ 2 ~+(K)k dk, 
o 
and using the expression (6.24) for the cross-section, 
6'- (f) 
, and the variable 
£ 
x ; 
e 
this be corne s 
Figures 6.4 and 6.5 show the reaction rate constant 
k, for the limiting case of zero dissociation energy 
r 
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(6.25) 
and for dissociation energies roughly corresponding to the 
top vibrational levels for nitrogen and hydrogen respectively. 
Since the energy levels of hydrogen molecules are relatively 
widely spaced, and since the rate constant k r falls off 
very rapidly as the dissociation energy increases, the 
limiting case of zero dissociation energy should be a 
realistic upper limit for the rate constant, and the 
1 
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rate constant for recombination to the top vibrational 
level should give a fairly good approximation to the 
total recombination. The case of the nitrogen molecule , 
however, is considerably different since there are of 
the order of 70 vibrational energy levels and many times 
the number of rotational levels of the hydrogen molecule, 
due to the much larger moment of inertia of the nitrogen 
molecule. The centrifugal barrier will not be appreciable 
for states which do not have large angular momentum and so 
there will be many rotational states which will have 
sufficiently small dissociation energy for recombination 
to these states to be appreciable. 
6.4 Preferred Energy Levels. 
At this point it is worth making further comment on an 
important aspect of dissociation - vibration coupling, 
namely the rapid decrease in the probability of recombination 
to a given energy level as the dissociation energy increases. 
Treanor and Marrone (1963) In a discussion of 
numerical results for the dissociation behind strong 
shock waves, using a vibration dissociation coupling 
model, introduced the concept of preferential dissociation 
from the higher vibrational energy levels of the moelcule. 
This assumption gives much better agreement with experiments 
than if it is assumed that dissociation is equally 
p r obable for all energy levels. The results obtained 
here for the rate constant for recombination show similar 
characteristics. 
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When the dissociation energy is small and the 
Yukawa potential is used to obtain the Born approximation 
to the differential cross - section, equation (5.26b) 
gives the ratio 
( D' - D') 
'" J 
(6.27) 
and when the dissociation energy 1S large the ratio is 
i11~ 
- -(D--D') 
e ~.M e ' ~ (~) 
(6.28 ) 
so that the probability of recombination to a given level 
falls off exponentially as the dissociation 
2 
increases, although the coefficient, m 
energy 
is small 
if the third body has a much larger mass than the 
recombining atoms. If the expression (6.15) is used to 
describe the differential cross-section, however, the 
recombination rate to any level falls off much faster 
as the dissociation energy increases. 
Although the description of this property, which the 
approximation achieves, is probably not very accurate, 
it does show a very important aspect of the recombination 
process and give some idea of the orders of the 
probabilities for recombination to given energy levels. 
m 
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7. ROTATIONAL STATES 
It was stated in the previous chapter that a partial 
explanation of the serious underestimation of the rate 
constant for recombination which results from the use of the 
cross-section for dissociation given in equation (6.18) in 
comparison with experiment is probably due to the neglect 
of the recombination to rotational energy levels of the 
molecule which have non-zero angular momentum. Since the 
centrifugal barrier is not appreciable for many of these 
states, they will contribute considerably to the total rate 
of recombination . To simplify the problem sufficiently to 
allow manipulation of the rate constants it is assumed that 
the additional contributions to the cross section due to the 
inclusi on of higher rotational energy levels will not 
invalidate the closure approximation used in ehapter 5 to 
obtain equation (5.23) for the cross-section. This assumption 
should be valid for all states except those with very large 
angular momentum, so that when the rate constant is summed 
over all possible molecular states, the error terms involved 
will be within the range of those already incurred. 
For molecules such that the recombination to energy levels 
other than the top energy level is appreciable, the sum over 
all levels can be replaced by an integral. Hence, the 
total recombination rate constant can be written 
, T ky- (e) :0 
Do 1 /(D) kr(G,D) c4D 
o (7 • 1 ) 
where P ( D ) is the energy level density, 
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D is the 
o 
dissociation energy of the ground vibrational state of the 
molecule and kr (e, D) is the rate constant for 
recombination to the molecular energy level with dissociation 
energy D. 
7.1 Density of Energy Levels 
Before attempting to estimate the total recombination 
rate it is necessary to make some estimate of the density 
of energy levels. The most common approximation to the energy 
levels of a diatomic molecule is given by the Morse potential r 
[ 
- 1" (r - re) _ tl (r' - Y-e~ )] 
V (V) = d e - 2 e j 
which yields energy levels, with dissociation energies in 
the form 
-I I (~(,) h/VJ =' d - ve (v+i) + xe Ye(V+1)z --l3e J(:J+ 1) ) 
(7.2) 
where d' = (hc)-1 d and the spectroscop'c constants, which 
are tabulated for all diatomic mo lecules by Herzberg (1950), 
are given by 
.'\.-
Ye ~ 2ITC , 
.... 
-I 
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Xe '" he -)i / 4- d 
B ~ 0 It J g IT l/" r,,· G , 
J 
The number of states with dissociation energy ln 
the range D to D + dD is f (D) dD. Since each 
eigenstate has multiplicity (2 J + 1), then 
= (7.3) 
where, from equation (7.2), 
dv I oLD 
If W v J = D, then from the expression (7.2), it follows 
, 
that, 
( 1 r)-' D -- ..1 1 _ 'V V L X J' V~ B h~ ~ ~ ~ ~~ - ~Z 
- D~ z + de V L (7.5) ) 
where the variables V = v + ~ and z = j (J + 1), so 
that using equations (7.4) and (7.5) to substitute in the 
-100 
expression (7.3), it follows that 
f (D) = 
Zo ~ (h C) - I [ (K - d ~ z ) ~ -- 4- ~ X e- (' (/ 
(7.6) 
where D '/ 0, so that 
and hence 
Then it follows from equation (7.6) that 
ac ] 
, (7.8) 
where 
-"-
+ 4- De X e)i , 
b 
'"I.--
1+ Be, X e, )le;, - 2 ~ r;( t'i J 
... 
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7.2 Total Recombination Rate 
Then the total recombination rate can be estimated 
by substituting for f (D) in equation (7.1). Since the rate 
constant , kr ( 8 ,D), for recombination to a given energy 
level falls off very rapidly as D increases (D) can 
be replaced in equation (7.1) by = f (0), a co ns tant, 
as f (D) does not change appreciably when D is sufficiently 
small for the recombination to the energy levels with 
dissociation energy D to be appreciable. Then, using 
equation (5.28) in conjunction with the exp-ression (7.1) it 
follows that 
JOo - E/e . e F- o-lE. 
bD .:z.b D 
/- -I, E elY J (7.9) 
where b 
Consider the expression 
The integral with respect to D can be integrated by parts, 
so that 
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0() 
1> /e 1 -e/e 1£ ee Q e EO! 
bDo 
lhD" /- - f f E oIa-(J - (y E) c1 )J ) 
-/ 
()() / 
- E f) LeE 0(£ ( 
-I 
+ 11, G t e'!s cAD ~~ e -f/8 ;;(1) (1- 2;DJ £) of E. 
(7.10) 
The last term in this expression can be further simplified 
by inverting the order of integration, so that if the term 
is re presented by J it follows that 
If the variable transformation 
y = 1 2bD 
E 
is made in the expression for J, then it follows that 
j bDtI _ tE/e (' £(I-y)/.2bf) o/l3'(t) 
.I ::: () e clf. L e 0(- (Y £) dy o -/ )} ) 
00 I / 1 - ~/f} I- E(I-V) ;./'8 J (f) + e e c/ f e 5 (ll E.) oIy bDc -lJ,Do d J} ) , 
E 
Hence the expression (7.10) can be written in the form 
.. 
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(7.11) 
The last term in this expression represents recombination to 
the ground state of the molecule, and so it will be negligible 
in c omparison with the other terms and may be ignored. The 
second term in equation (7.11) will also be negligible- provided 
that Dol B / /' 1, so that from equations (7.9) and (7.11) 
it follows that 
2 S" TC k -11 3 f\111l-
m/I/a, 1fY1:!' e~ fo 
E. 
E(l --V) /.J.be ) ( e - I 
) 
E) 
(7.12) 
From the expression (6.15), it can be easily seen that the 
differential cro ss - section peaks very 
sharply at Y = 1, so that in order to eval ua te the 
e €.(a-y)/~be expression (7~12) further, the term is 
expanded for (1 - y) small. Thus it follows that 
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J"" ~-£/8 E1- 0/£ 
o 
f) ely. 
(7.13) 
7~3 Coefficient of Thermal Diffusion 
Hirschfelder et al (1964) give the coefficient of tl erffl&] 
diffusion of one gas into another as 
D·· 
'J /6 n r 
(7.14) 
to very good approximation, where n is the number density 
of the gases and the omega integrals are given by 
where 
(1,5) 
fl., 
'J 
I 
(I) f (J' =' 1 (I - y) 
-f 
and 
(7.15) 
Hence using the equation (7.14) to substitute for the integrals 
in equation (7~13), it follows that 
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(7.16) 
to first order . 
There are several methods available for calculating the 
cro ss-section for diffusion given in equation (7.15). 
Consider first, the method of Massey and Mohr (1934). Using 
the re la tion 
00 
i, D..(, ~ 0-(+'> / of I1 £' (Z) -I- I) PJ (y) ~t :; e SlY, 2iK /.;0 
and the recurrence and orthogonality relations for the 
Legendre polynomials, Massey and Mohr (1933) have shown 
that 
a.o 
K-z L' :lIT ~ 
):'0 
- 2 (J + J) s i ~ 0 $ i V\ ~ +, GO S (" ~ - ~ + ,) ] 8 
This expression can be rewritten using the trigonometrical 
identity 
to give the diffusion cross-section in the form 
A 
If 
0--( I) -2-2. TC 1< • l.-51 YlI 
If a value L is chosen such that (~j._1 - ~1 ) 
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(7.17) 
is smal l for J, /' L, 
S irl,~ (Ot - ?).,e .-I) 
then proceeding as in Chapter 6, replace 
,£<L. For l>L, if 
by the average value ~ for 
(~_I- S,t) is small, it follows, 
using the Taylor expansion, that 
(7.18) 
and the ero ss-se cti on for -bl.e' "Ii" 1 diffusion given in equation 
(7e17) c an be written in the form 
(7.19) 
where the sum can be replaced ~y an integral because a large 
number of phase shifts contribute. From equation (6~6) which 
was obtained using an approximation to the WKB approximation 
for the phase shifts, it follows that 
so that the cro ss-section for ~h91111iitl diffus ion c an be written 
as 
sA 
107 
(7.21 ) 
If L is now defined by the relation 
- X 
then it follows from equation (7.20), that 
(7.22) 
and, substituting this into equation (7.21), the- cross-section 
for cent rffttM diffusion is 
1/3 % k-4is 
'I:lI TC 5 f /' (I + % X #) . 
(7.23) 
Using this approximation in equation (7.13), for the rate 
constant for recombination to all molecular energy levels, 
yields the result 
T 
cgb I :LI) 2/1 _1- it 3 1/); Pc (/+t·X
Z
) kr (e) :::. n M 0 //~ z M, m 
( /.5"!L ~ C )0 j:-x 5/3 01 x 7 X , ;6x h1, f) /;2 0 
(7 . 24) 
where x = E/ f} and E = b 1141 K2/ m. The integral 
is quite simply evaluated since 
A 
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.00 1 e -x X s/3 vi x ~ r (8 / 3 ) = 1.50458 
An alternative method of evaluating the cross-section 
in equation (7.15) is given by Hasted (1964). 
Using the approximation (7.18) for all vailles of t, 
and replacing the sum by an integral in equation (7.17), the 
cross-section for ~8~~~ diffusion can be expressed in the 
form 
(7.25) 
Then, the WKB approximation for the phase shifts is 
00 J (k~-
~ 
-l~ 
:1 
K 
where the lower limits of integration are the zeros of the 
respective integrands. Hence 
dr 
(7.26) 
where f = (j + f)/ k. 
Then it follows from equations (7.25) and (7.26) that the 
cross-section for theFffi~l diffusion is 
A 
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00 
0-(11 ~ 2i1: 1 (I - cos):') f d, f 
where 
2f {= I -z oJr ;t r ::: TL 
I - J!..~ Vo") r), lrV~ 
u sing the r elationship 'h K = JA' v where v is the 
r e l at i ve ve locity. This is identical with the formula 
obtaine d by classical methods so that quarrtum mechanic a l 
meth o ds a r e only necessary when identical particles are 
(7 . 28) 
involved and symmetrization of wave functions is necessary, 
t h e n t he re is no longer any relation between and 
Such a case would occur when the third body 
p resen t during the recombination of nitrogen atoms is 
anoth er nit r ogen atom. However, this case does not a rise at 
present s inc e it is not necessarily described by t he 
exp re ss i on (7.13) as this equation was derived under t h e 
explicit assumption that the third body is distingui shable 
f rom the other two. 
Chapman and Cowling (1953) give several diffe r e nt 
f ormul ae for the coefficient of thQ~~a] diffusion of two 
case s de rived using the expressions (7.27) and (7.28), with 
dif fere nt i nteractions. In particular, for male "cules obeying 
the a ttra c tive sphere model, that is, using Sutherland ' s 
pote ntial, t he expression for the coefficient of thcFffi~ l 
d iffu si on i s 
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3 
so that from equa t ion (7 . 16), the rat e cons t a nt for 
recombination to all energy le v els is 
.T kr (e) ~ 
(7.29) 
and since = o (10-14 ), this will be almos t 
independent of temperature excep t for low t emperatu+es. 
Alternatively , if the interaction of th e particles is 
of the form C r - JJ , then Chapman and Cowling (1 953) give 
the express i on 
D. (&) '" a 
'J 8 \'l A, ().I) r (3 - 2/).1) 
for the coeff ici e nt of tfieFffial diffusion whe r e 
00 
AI (v) = 1 (1 '- co_sX) 'Vo d1Je 
is simply a const a nt, 
'II ::. 
"- le-
and 
11- V -VN 
I 00 [ .L 2 ('1i) ] 1 I - tV .- - - d1>' V ~ o 
where is the only posi t ive roo t of the equation 
I - o 
A 
Figure 7 . 1 A comparison of the total rate constant for 
recombination, using the Massey - Mohr type 
of approximation (------) with the rate 
constant for recombination to an ene r gy level 
with D . = 0 (- -), and with the 
~ 
experimental results shown in figure 6~4 . 
The rates shown are for the recombination of 
nitrogen with argon as the third body. The 
bars indicate the spread of other expe rimental 
result s, as in figure 6.4. 
• 
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It follows from this that, if )) 6, then the rate 
constant for the total recombinati on is 
gh ),S' Ti Z /1 3/J- WI,II'- ~3 Po A, (6) /' (i /3) 
9~ Wl~ (m-t I'Yl j )2-
(7.30) 
The expression (7~30) is almost the same as ~he expression 
(7.24) in fact for nitrogen recombination with argon as the 
third body the difference between the two values of 
T k(" (g) is less than 10 per cent. 
7 c 4 Results 
To get some indicati on of the validity of the above 
analysis, the rate constant for recombination to all energy 
levels, which is given in equation (7.24 ) is shown in figure 
701. It is compared with the rate constant for recombination 
to the zero dissociation energy level and with experimental 
results . It is much closer to the experim~ntal results than 
the r ate constant for recombination to any given energy 
level, which shows that a very significant proportion of the 
recombination takes place through the higher rotational 
states of the molecule. 
Figure 7~1 shows that the express ion (7c24) becomes 
increasingly too large as the temperature increases. This 
error is very likely due to the highly approximate treatment 
given to the higher rot ational states, part icularly the 
assumption that the centrifugal barrie-r may be neglected. 
11 :3 
A treatment which included the effects of the centrifuga l 
bar rier would cause many of the states with sma ll dissociation 
energy to have negligible rate constants, sinc e these could 
have low vibr ational quantum numbers and high rotational 
quantum number s so that the centrifugal barrier is no 
longer negligible, although it would be necessary then t o 
include other cases where the energy is effectively 
positive and only the centrifugal barrier prevents 
dissociation. Ho,v-ever, the net result of a more accurate 
treatment of higher rotational energy levels should give a 
rate constant which decreases at a greater rate as tempe r ature 
increases 0 
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8. CONCLUSI ONS 
The rate co nstant, which was derived in Chapter 6, for 
the recombination of hydrogen, appears to des cribe the process 
with reasonable accuracy, particularly with r egard to the 
manner in which the rate constant decreases with temperature. 
There are two possible major sources of discrepancy between 
the experimentally measured value of the rate constant and the 
calculated rate constant for recombination to the highest 
vibrational energy level of the hydrogen molecule " The 
experimental measurements are carried out in such a way that 
the recombination to all energy levels is measured, so that 
one would expect this to be larger than the recombination 
to only one level" However, since energy levels of hydrogen 
are wi dely spaced, and since the rate constant for recombination 
to a given energy level, falls off very rapidly as the 
dissociation energy of the level increases, this is unlikely 
to account for all of the error" The second major source of 
errors is the use of the impulse approximation and the closure 
approxima tion to obtain a usable form for the cross-section. 
Since the assumptions made in Chapter 5 are only partially 
true for this particular problem, it is to be expected that 
the error terms, in the series for the closure approximation, 
in particular, will be quite large. 
The other numerical results which were given include d 
rate constants describing the recombination of nitrogen both 
for recombination only to the highest vibrational energy 
level and for recombination to all energy levels of the 
electronic ground state. The rate constant for recombination 
to the highest vibrational energy level was far too small 
although it showed approximately correct variation with 
temperature , This indi cates, when compared with the resul is 
for hydrogen, and when the fact that the rotational energy 
levels of nitrogen are much closely spaced than those for 
hydrogen is taken into account, that the rotational energy 
levels do playa significant role in the recombinati on of 
d i atomic molecules~ 
The attempt which was made in Chapter 7, to include 
recombination to all energy levels was only a very rough 
approximation, and the result which was obtained is essentially 
c lassi c al parti cularly since it was assumed that the energy 
levels of the electronic ground state of the diatomic 
molecules can be treated as a continuum. In fact the rate 
constant for recombination to all energy levels, which was 
obtained in Chapter 7 1S similar to that obtained by 
Keck (1960) using variational methods, since it is reasonably 
good at low temperatures but does not dec rease suffic1ently 
fast as the temperature increases~ 
Thus there are two major po int s of the theory described 
here which require modification. Firstly, it should be 
p ossible, by means of the higher terms in the series used to 
derive the clo sure approxi mation , to calculate corrections 
for the expression giving the cross-se ction for dissociation 
in terms of the differential cross-secti on for the elastic 
collision of two particles, An attempt can then be made 
to carry these corrections through to the e~pression for the 
.. 
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rate of recombination. It should also be possible to 
estimate the order of the error incurred in utilising the 
impulse approximation for the T matrix and to estimate 
the effect of this error on the rate constant, even if 
it is not possible to apply a correction term to the rate 
constant, for this error. 
The other major section of the theory which needs 
modification is the inclusion of the contributions to the 
recombination of the rotational energy levels. Although 
this is generally ignored, the results given here show fairly 
conclusively that it is far from negligible., One approach 
to this problem which might be useful is to attempt to 
carry through the high energy approximations to the general 
expression for the Born approximation given in Chapter 4 
and use the result obtained to gain some idea of the 
relative contributions, of the rotational levels, to the 
rate of recombination. Alternatively, it may be possible 
to introduce dependence on the rotational energy levels by 
means of the correction terms for the closure approximation 
and thus to gain a much more accurate picture of their 
contribution to the rate constant . 
An extension to the theory, which must be made if any 
use is to be made of this theory, is to include the case 
when all three atoms taking part are identical, since this 
circumstance is a common one in practical experiments. 
This would require one to begin at the beginning, using a 
T matrix which is symmetric or antisymmetric, depending 
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on the gas being considered . This may not affect the 
final result to any great extent due to the sharp peaking 
o f the disso ciation cross-section in the forwar d d ire c tion, 
which wi l l p r obably result in the cross-terms being 
negligible . 
A facto r which has not been considered here in any 
d e tail but which could affect results quite extensively 1S 
the poss i bility of resonance states for two atoms of the 
gas e s which form diatomic molecules, and this is another 
p oss i b i l i ty which could be investigated. 
Ov erall, then the results obtained here do show some 
promise towards providing a means of estimating the rate 
o f re c omb i nation of diatomic gases, particularly if a 
r easonably a c curate method for treating recombinati on to t h e 
rota tional energy levels can be found. 
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